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Talk’s Plan

1 Summarizing the benefits of mechanical theorem proving

2 The general version of Chinese Remainder Theorem

3 A simple remark in Hungerford’s textbook

Formalizing a simple remark in Hungerford’s abstract algebra

textbook
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Summarizing the benefits of mechanical theorem proving

What are the benefits that could be obtained from

mechanical theorem proving?

To improve the capability to detect flaws, omissions, redundancies, and errors

in pen-and-paper proofs.

To increase the ability to provide precise and complete formulations of

definitions, theorems, and proofs.

To refine the precision grade to formulate feasible conjectures and

consequently the capability to discover new results.

To fix the required discipline and organization to compile and communicate

reliable and reproducible mathematical knowledge.

Moreover, and the most important, to provide a thoughtful and rigorous

understanding of any mathematical theory.
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Summarizing the benefits of mechanical theorem proving

Interesting opinions in: Jeremy Avigad “The Mechanization of Mathematics”

- Notices of the AMS 2018

“But the mathematical literature is filled with errors, ranging from typographical errors,

missing hypotheses, and overlooked cases to mistakes that invalidate a substantial

result.”

“The situation will only get worse as proofs get longer and more complex. In a 2008

opinion piece in the Notices, “Desperately seeking mathematical truth”, Melvyn

Nathanson lamented the difficulties in certifying mathematical results: “We

mathematicians like to talk about the ‘reliability’ of our literature, but it is, in fact,

unreliable.” ”

“Checking the details of a mathematical proof is far less enjoyable than exploring new

concepts and ideas, but it is important nonetheless. Rigor is essential to mathematics,

and even minor errors are a nuisance to those trying to read, reconstruct, and use

mathematical results.”
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The general version of Chinese Remainder Theorem

Chinese Remainder Theorem - The integer version

Consider m1, . . . ,mr positive integers such that mi and mj are coprime for i ̸= j

and m = m1 . . .mr. Thus,

Z/(m1 . . .mr)Z ∼= Z/m1Z× . . .× Z/mrZ

In other notation

Zm
∼= Zm1

× . . .× Zmr
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The general version of Chinese Remainder Theorem

Chinese Remainder Theorem - The general version for

Rings

Let R be a ring with identity and A1, A2, . . . , Ak ideals in R. If the condition

Ai +Aj = R holds for each i, j ∈ {1, . . . , k} with i ̸= j, which is called

comaximality, then

R/(A1 ∩ . . . ∩Ak) ∼= R/A1 × . . .×R/Ak

Step 1: Prove that

φ : R → R/A1 × . . .×R/Ak

r 7→ (r +A1, . . . , r +Ak)

is a ring homomorphism with kernel A1 ∩ . . . ∩Ak;
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The general version of Chinese Remainder Theorem

Chinese Remainder Theorem - The general version for

Rings

Step 2: Prove that

φ : R → R/A1 × . . .×R/Ak

r 7→ (r +A1, . . . , r +Ak)

is a surjective function;

Step 3: Conclude the result by the First Isomorphism for Rings.
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The general version of Chinese Remainder Theorem

Chinese Remainder Theorem - The general version for

Rings
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The general version of Chinese Remainder Theorem

In order to formalize that phi is a homomorphism, one must verify that for all

j ≤ k, and a, b in R, (a+ b) +Aj = (a+Aj) + (b+Aj) holds

(quotient rings@add charac).

It has an equivalent cost of the analysis for two ideals in a proof by induction,

where k = 2.

In the induction step, the analysis given for two ideals cannot be repeated in

a straightforward manner: one has to build structures such as an ideal A such

that (R/A1 × . . .×R/An) ≃ R/A, to be able to apply the reasoning for two

ideals to conclude that the map phi is a homomorphism from R to

R/A×R/An+1.
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A simple remark in Hungerford’s textbook Formalizing a simple remark in Hungerford’s abstract algebra textbook

Hungerford’s remark
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A simple remark in Hungerford’s textbook Formalizing a simple remark in Hungerford’s abstract algebra textbook

Hungerford’s remark

See the file integral domain with one def.pvs in

https://github.com/nasa/pvslib/tree/master/algebra
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A simple remark in Hungerford’s textbook Formalizing a simple remark in Hungerford’s abstract algebra textbook

Hungerford’s remark
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A simple remark in Hungerford’s textbook Formalizing a simple remark in Hungerford’s abstract algebra textbook

Hungerford’s remark

In Z, the notions of prime and irreducible elements are equal.

In Z6, 2 is a prime element; however 2 is not an irreducible element.
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A simple remark in Hungerford’s textbook Formalizing a simple remark in Hungerford’s abstract algebra textbook

Hungerford’s remark

Every prime element in an integral domain R is an irreducible element.

If p = ab then p|a or p|b since p|p = ab and p is prime.

Consider that p|a. Thus a = px and p = ab = pxb.

Consequently, p− pxb = p(one− xb) = zero. Thus, xb = one and b is an unit.
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A simple remark in Hungerford’s textbook Formalizing a simple remark in Hungerford’s abstract algebra textbook

Hungerford’s remark
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