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Infinity of Primes - Topological Argument

Infinity of Primes:

Filrstenberg Topological Argument [2], [1]

Our main goal in this mini-course is to formalize the Infinity of Primes following
the Firstenberg argumentation.

Let's see the analytical proof of such fact.

Martin Aner - Gnter M. Ziegler

Proofs from THE BOOK
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Infinity of Primes - Topological Argument

Infinity of Primes:

Furstenberg Topological Argument

Topology
A topology over a set X is a collection 7 of subsets of X satisfying the following

properties:
i) @ and X belong to T;
ii) The union of elements of any sub-collection of 7 belongs to 7;

iii) The intersection of elements of a finite sub-collection of 7 belongs to 7.

@ A set X equipped with a topology 7 is called a topological space.

@ A subset U of a topological space X, that belongs to the collection 7, is

called an open set of X.
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Infinity of Primes - Topological Argument

Furstenberg Topological Argument

Example

Consider the sets X =Z and N, = {a+n-b;n € Z}, a,b € Z, where b > 0. A
set O C Z is called open if and only if O = () or for every a € O, there is an
integer b > 0 such that N, ; C O. '

N o
e ab a atb a+2b www

The collection 7, induced by the open sets of type O, is a topology over Z:

i) 0 and Z belong to T;

ii) By the definition of elements of 7, the arbitrary union of subsets of 7 belongs

to 7;
iii) If Oy and O3 belong to 7 then O; N Oy belongs to .

In fact, consider a € O1 N O2. There are by and b2 such that Ny, € O;1 e
Nap, € O2. Logo, Ngp,., € O1NO3.

v,
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Infinity of Primes - Topological Argument

Furstenberg Topological Argument

o Statement 1: Any nonempty open set is infinite.

Proof: if O # then N, C O, for some a € O and b > 0.

o Statement 2: For any a € Z and b > 0, N, 4 is an open set.
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Infinity of Primes - Topological Argument

Furstenberg Topological Argument

o Statement 1: Any nonempty open set is infinite.

Proof: if O # then N, C O, for some a € O and b > 0.

o Statement 2: For any a € Z and b > 0, N, 4 is an open set.

Closed sets
A subset A of a topological space X is called a closed set if and only if its

complement A€ is an open set in X.

o Statement 3: For any a € Z and b > 0, N, is closed.

b—1
Nop =7\ | Nayip
i=1
a ., a+b a+2b
b—1 - < - s -
. at+l a+(b-1)
and U Ngyip is an open set.

i=1

i i e e B i = SAcuE
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Infinity of Primes - Topological Argument

Furstenberg Topological Argument

Some properties of closed sets

If X is a topological space then:

P1. () and X are closed sets;

P2. The finite union of closed sets is a closed set;

Consider A;, 1 < i < n closed sets. Thus,

n

X\ UAi = ﬂ(X\Al) is an open set
i=1

i=1
P3. The arbitrary intersection of closed sets is a closed set.

Consider A, a family of closed sets. Thus,

X\ ﬂAa = U(X \ Ao) is an open set
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Argumento de Furstenberg

o Statement 4: Consider k an integer number such that k£ # 1 and k& # —1.
Therefore, k has a prime divisor p and, consequently, k € Np .
Also,

Z\{-1,1} = U No,p, where P denotes the set of prime numbers.
peP
If P is finite then:

® U,ep No,p is a closed set (Statement 3 + P2);
@ Thus, {—1,1} is an open set (By the definition of a closed set).
e Consequently {—1,1} is an infinite set. (Statement 1)

Therefore, the set P of the prime numbers is infinite.
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